In the present work, a comparative study of three numerical methods used in the solution of differential equations (Euler, Runge-Kutta and Verlet) was carried out, in order to evaluate the accuracy offered by each of these in the solution of dynamic systems, in addition to other characteristics, particularly the speed of convergence shown for each model, which relates directly with the computational load required for their operation. The methods used for the investigation were compiled in the free computational package Octave, which in turn is a tool with similar characteristics over its paid counterpart (MATLAB®), and applied over a fairly simple dynamic system, which comprises a physical pendulum. The results show that the classic methods (Euler and Runge-Kutta), were able to predict the response of the system accurately, but at a low speed of calculation, while Verlet's integration method allowed to obtain convergence using a higher time step which implies a faster operation and a better accuracy than the other methods and makes
Introduction
At present, certain engineering problems involve the solution of mathematical expressions that constitute the model of the studied system; however, this usually leads to the appearance of complex operations to solve analytically, such as integrals, non-linear systems of equations, and particularly, differential equations. With the appearance of modern computers, the numerical methods for the solution of mathematical problems has become a constant practice in the solution of said expressions, which has allowed a considerable advance of specialized programs in this task, such as MATLAB, Octave, among others over the years [1] . The basis of the numerical methods consists of the discretization of the differential equations that govern the process, converting them into simple algebraic expressions, easier to solve by conventional methods. This represents a considerable advantage (regarding time) over the analytical solution, at a particular price: the accuracy of the numerical method used depends considerably on two factors, which are (1) the type of method used and (2) the characteristics of the discretization process [2] . To solve this problem and (at the same time) improve the degree of approximation offered by the model respect to the analytical solution, these have undergone a process of evolution, varying from the simplest model (Euler) to advanced methods, such as the Runge-Kutta algorithm [3] - [6] , which are used frequently by commercially available software. Because the vast majority of these problems are associated with mechanical situations, alternatives to conventional numerical methods have been developed, such as the Verlet integration, which directly integrates Newton's equations of motion, to increase the speed of convergence concerning conventional methods [7] - [11] . In other cases, numerical methods have been used for the solution of thermal problems [12] . In the present work, a comparative study of three numerical methods used in the solution of differential equations (Euler, Runge-Kutta and Verlet) was carried out, in order to evaluate the accuracy offered by each of these in the solution of dynamic systems, in addition to other characteristics, particularly the speed of convergence shown for each model, which relates directly with the computational load required for their operation.
Methodology

Development of the study
For the realization of this work, the mathematical model corresponding to a physical pendulum was developed as shown in Figure 1 ; this system is composed of a disc that has a frictionless pin passing through its center, subject to a uniform bar that can swing freely. The disc is subject to a spring that complies with Hooke's law, and a damper which transmits its effect through the disc center. For this case, the dynamic model was developed, which was subsequently resolved with the application of the three numerical methods studied, in the commercial package Octave, to obtain the position of the disc center as a function of time. Form these results, the methods' convergence and the output of the system were analyzed. 
Fundamental Equations
To define the model of the system described above, the equations given by classical dynamics were used, together with the following considerations:
 A model of non-slip, that is to say, rolling, will be taken into account.  The force exerted by the damper is directly proportional to the disc speed in a linear form, which is to say the Stokes Law is used for low speeds. With these assumptions in mind, the application of Newton's 2 nd law and the fact that account angular and linear accelerations are second time-derivatives from the position and angular position, allow to formulate the system model is formulated, with the expressions [13] 
While the Runge-Kutta method uses a 4 th grade Taylor expansion to calculate f(t) around a time value, in the form 
Where k1, k2. k3 and k4 are coefficients calculated with the following expressions: 
And h is the time step used in the calculation. Finally, the Verlet method uses a discretization from Newton's 2 nd law, to calculate the angular position and its derivative at a fixed time t, which can be used to calculate the remaining unknown variables; in the most general form, equations used for this operation are the following:
Results and discussion
Below are the results of the main points of the present study:
Convergence study
One of the main criterion to evaluate a numerical method is their convergence, that´s to say, the method's ability to give feasible results. To verify the convergence of each model, an initial study was done with an initial step size of 5 ms, to a system with the characteristics shown in Table 1 , over a range of 40 s. The results given by the application of these methods are shown in the Figures 2 to 4. From these plots, it is clearly shown Euler, and Runge-Kutta methods predict a
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solution which keeps oscillating even for high values of time, which doesn't match with the predicted behavior; this represents a convergence error with these models, and it can be explained because of these models' high dependence with the time step used. Regarding this convergence problem, it was necessary to reduce the time step to a value of 0.001, to ensure the convergence of Euler and Runge-Kutta methods.
Comparison of methods
The results given by Octave, regarding the calculation with a time step of h=0.001, were compared to the analytical solution, giving the results shown in Figure 5 . From this figure, it is observed that, even with a low time step, Euler's method still gives a high error margin, associated with the high difference between the system explicit response (an underdamped function with exponential behavior) and the approximation given with the method (a linear, point-slope expression). Though the 4 th order Runge-Kutta method is clearly an improved version of Euler's, it shares some of its bad points: to achieve a good approximation to the response, it is necessary to reduce the time step to a point where the exponential plot becomes more or less a straight line; for the case studied, it implied the increase in the points evaluated in a factor of 5, to achieve convergence. By the other hand, Verlet's integration allowed to obtain convergence using a higher time step; due to this, the number of time values evaluated were lower than the used with the other methods, which means a faster operation with an improved exactitude over the other two methods, which makes a strong option to calculate the response of dynamic mechanical systems, particularly when a computational tool is used. Figure 5 . Comparison of the absolute error generated by the studied methods.
Conclusions
The study developed with the help of numeric methods to study dynamic systems response, allowed to study the main characteristics of each method, like their strong points and drawbacks, as their ability to predict to a certain extent the response of certain mechanical systems. It was found that the classic methods (Euler and Runge-Kutta), were able to predict the response of the system accurately, but this required a increment of the time values studied, which negatively affects the speed of calculation, which is a desired characteristic in commercial software packages. However, an interesting finding was that Verlet's integration method allowed to obtain convergence using a higher time step; due to the fact time step affects directly the speed of calculation, this fact implies a faster operation, with a better accuracy than the other methods; though its main formulation restricts this method to mechanical systems, the overall improvement over the classical methods, makes the use of Verlet's method a suitable way to predict the response of mechanical dynamic systems, particularly when a computational tool is used.
